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a b s t r a c t
In multiview geometry, it is crucial to remove outliers before the optimization since they are adverse factors for parameter estimation. Some eﬃcient and very popular methods for this task are RANSAC, MLESAC
and their improved variants. However, Olsson et al. have pointed that mismatches in longer point tracks
may go undetected by using RANSAC or MLESAC. Although some robust and eﬃcient algorithms are proposed to deal with outlier removal, little concerns on the masking (an outlier is undetected as such) and
swamping (an inlier is misclassiﬁed as an outlier) effects are taken into account in the community, which
probably makes the ﬁtted model biased. In the paper, we ﬁrst characterize some typical parameter estimation problems in multiview geometry, such as triangulation, homography estimate and shape from
motion (SFM), into a linear regression model. Then, a non-convex penalized regression approach is proposed to effectively remove outliers for robust parameter estimation. Finally,we analyze the robustness
of non-convex penalized regression theoretically. We have validated our method on three representative
estimation problems in multiview geometry, including triangulation, homography estimate and the SFM
with known camera orientation. Experiments on both synthetic data and real scene objects demonstrate
that the proposed method outperforms the state-of-the-art methods. This approach can also be extended
to more generic problems that within-proﬁle correlations exist.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction
Robust parameter estimation plays an important role in many
problems of computer vision, such as triangulation, planar homography, fundamental matrix estimate, structure and motion reconstruction and so on. Typically, parameter estimation can be posed
as a minimization of different objective functions according to various error vectors (i.e. L1 , L2 or L∞ norm) [1]. Recent work on multiview geometric problems has exploited convexity properties in
order to obtain global optimum. A lot of facts show that many geometric problems are quasi-convex under the L∞ norm [2–5]. However, they are also known to be extremely vulnerable to outliers
[6], which are often unavoidable. As a result, outlier removal has
extensively drawn a number of attentions in computer vision [1].
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Traditionally, RANSAC is probably the most commonly used
method for outlier removal [7]. RANSAC allows the user quickly removing most of outliers from the data; therefore it has met with
great success in computer vision. However, as RANSAC only works
on a subset of the images, mismatches in longer point tracks may
go undetected. Meanwhile, being a randomized algorithm, RANSAC
may easily miss a few of outliers, which causes disastrous results,
especially when L∞ norm based optimization methods are employed [2].
The limitation of RANSAC algorithm motivates the development
of various alternative approaches for outlier removal. Among the
improved outlier removal frameworks, the L∞ norm based minimization has drawn a great deal of attentions because it can ﬁnd
the global optima of outlier removal. Sim and Hartley [6] have exploited special properties of strictly quasi-convex objective in computer vision. For this reason, they proposed a simple method of
outlier removal, throwing away bad points with the maximal residuals. However the set of measurements with the largest residual
must contain multiple points; whilst the proposed method only
ensures the set contains at least one outlier. In other words, some
inliers are falsely removed in each iteration. On the other hand, the
remaining point set may still have some outliers.

http://dx.doi.org/10.1016/j.neucom.2017.06.043
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Our work is also motivated by the need for improving the
robustness of outlier removal to beneﬁt multiview geometric
problems. To ensure the ﬁtted model unbiased as much as possible, we need to concern the masking (an outlier is undetected as
such) and swamping (an inlier is misclassiﬁed as an outlier) effects
[8]. In general, simple estimation method works very well if there
is only one outlier in the observed data. However, when there are
multiple outliers, these simple methods will fail. In these situations, the problem of identifying such cases become more diﬃcult
due to the masking and swamping effects. In outlier detection, the
masking is usually more serious than the swamping. The former
can cause gross distortions, whereas the latter is often just a matter of lost eﬃciency. In this paper, we challenge the masking and
swamping effects of parameter estimation in multiview geometry
by formulating the problems as a linear regression model.
In this paper, we present a different solution which ﬁrst characterize typical parameter estimation problems into a linear regression model. Then, a non-convex penalized regression approach is
proposed to effectively remove outliers for robust parameter estimation. Speciﬁcally, we analyze the robustness of non-convex
penalized regression theoretically. We then compare our method
to the state-of-the-art methods on three representative estimation problems in multiview geometry, including triangulation, homography estimate and SFM with known camera orientation. Experiments on both synthetic data and real scene objects demonstrate that the proposed method outperforms the state-of-the-art
methods.
2. Related work
Outlier removal in computer vision is a classical and important
problem. There are many related researches with different ideas.
The well-known method is RANSAC [7]. Extensive literature exists
on robust methods for regression. The M-estimator SAmple Consensus (MSAC) algorithm [9], the typical method used in computer
vision, is an improvement of RANSAC that replaces the inlier count
with a weighted voting based on an M-estimator. Similar schemes
for robust estimation using random sampling and M-estimators
were also proposed in [10]. Ma et al. [11] proposed the vector
ﬁeld consensus (VFC) method, which is computationally eﬃcient
and robust, to establish matching between two point sets. The VFC
algorithm disregards geometric constraints and determines correspondences of features between point sets using coherence of the
underlying motion ﬁelds. Tang et al. [12] proposed a novel method
for point pattern matching via spectral graph analysis. The method
formulates feature point set matching as an optimization problem
with one-to-one constraint.
Recently, in an effort to further utilize the whole set of correspondences, slack variables have been introduced into the objective function [13–15] so that outlier removal schemes are devised
by analyzing the slack values, replacing the sampling strategy on a
subset of the correspondences by RANSAC or its improved variants.
Seo et al. [13] have put 1-slack variable into the objective function.
Since the strategy of outlier removal is similar to that of [6], it is
still unable to overcome the masking and swamping effects.
Olsson et al. [14] have introduced N-slack variables into the
objective function. Essentially, the L1 norm of the “slacks” vector (or the sum of infeasibilities) is taken into consideration. The
L1 method is, therefore,fast and shown to work well in practice,
speciﬁcally, its performance is better than traditional RANSAC-like
methods. However, no theoretical analysis is given in the paper. Its
limitation, however, is that the removed data may not include genuine outliers (masking and swamping). This can lead to arbitrarily
bad models.
Yu et al. [15] have pointed that the 1-slack [13] and N-slack
variables with L1 norm [14] represent two ends of the spectrum of

reliability versus speed. Thus, outlier removal is characterized as
a game that involves two players of conﬂicting interests, namely,
optimizer and outlier. In essence, this method is a least-square
regression. Although this strategy is able to strike a balance between these two performance factors, the swamping, which cannot
be avoided in this strategy, could lead one to delete good observations. Meanwhile, masking still appears in this method. It is even
more serious to choose the value of K, i.e. the proportion of outliers. It must be given in advance (heuristically), but unfortunately,
it is often unrealistic in practical applications.
Apart from above-mentioned trends, Li proposed to remove
nothing but outliers rather than the whole support set that produces the smallest cost [16]. Essentially, the method belongs to
the branch of exhaustive search. Despite its improved eﬃciency,
however, the method is special to the triangulation problem (low
dimensional parameter estimation). Similar methods are also proposed in [17–20], which target the global optimization by removing the outliers. However, these methods are either computationally intractable for high dimensional parameter estimation (with a
worst-case exponential complexity), or only tailored for a very speciﬁc class of applications. For example, in [19], the triangulation
problem is solved in O(nd+1 ), where n is the number of points
and d the dimension of the model. Recently,outlier-robust based
methods [21–24] have attracted the attention of the researchers.
These methods are applied to pattern classiﬁcation, support vector
regression, machine learning, and so on.
In most of the previous approaches, the data set containing outliers was pre-cleaned by RANSAC algorithm. After this preprocessing, the data set only contains few outliers so that the problem of
identifying such observations is not diﬃcult. However, when the
set contains many outliers, the problem of identifying such cases
become more diﬃcult and these methods are unable to overcome
the masking and swamping effects simultaneously.
The rest of this paper is organized as follows. In Section 2, we
provide a general description of problem formulation. Section 3,
we introduce the non-convex penalized regression idea as one
way to detect outliers, its intuition, and theoretical analysis. The
proposed algorithm is described in detail in Section 4. Section
5 presents experimental results for the synthetic data and real
scene data. In Section 8, we conclude the paper and provide the
future direction.
3. Problem formulations
Structure from motion (SFM) is one of the most challenging
problems in multiview geometry. We pick it up as a speciﬁc example to explain the approach in this paper. The goal of SFM is
to infer the scene structure (often 3D points) and/or the camera
motion, given the image data.
Let P i , i = 1, 2, . . . , N be the 3 × 4 camera matrix of camera i
among N views. X j , j = 1, 2, . . . , M is the 3D point represented by
(Xj , Yj , Zj , 1) , and uij is the image point represented by (uij , vij , 1 ) .
Then, the central projection is simply expressed as a linear mapping between their homogeneous coordinates,

uij → P i X j .

(1)

For Eq. (1), different forms of unknowns correspond to different multiview geometric problems. For example, the problem of
determining a point’s 3D position from a set of corresponding image locations and known camera matrix is known as N-View Triangulation. If the point’s 3D position and the corresponding image
locations are known, the problem of recovering the 3 × 4 camera matrix P is known as Camera Resection. The more popular and
challenging problem is SFM with Known Camera Orientation, where
2D image points and rotation parameters of cameras are given. We
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infer the 3D structure (3D point positions) of the scene and camera translation parameters. In the subsequent parts of this section,
we take the SFM with known camera orientation as the example
of outlier removal and use it to explain the penalized regression.
Other problems can be formulated in a similar way.
Sturm and Triggs [25] have pointed out that aﬃne factorization
method cannot be applied directly to projective reconstruction. So,
Eq. (1) representing the projective mapping is interpreted as true
only up to a constant factor. Writing these constant factors explicitly, we have
i

d j uij = P i X j ,

(2)

where dij is the projective depth of 3D point Xj with respect to the
camera i. Eq. (2) is true only if the correct weighting factor dij is
applied to each of the measured point uij .
If we decompose Pi as Ki [Ri |ti ] (we can omit known Ki later for
i
simplicity), here weneed
 to estimate the pose of each camera t
˜
and 3D-points X j = X j . Now, we expand Eq. (2) as follow,

i
dj

⎛ i ˜
⎞
uj
r1 X j + t1i
⎜ vi ⎟ ⎝ i ˜
⎝ j ⎠ = r2 X j + t2i ⎠,

i

eki × uij · Fik ukj

 ×
eki

k

dj



uij 2

ui = Hui ,



H=

where r1i , r2i , r3i are row vectors of Ri , and t i = (t1i , t2i , t3i ) is encoded by the camera center.
Since we mainly consider the outlier removal problem, we will,
for simplicity, conﬁgure the Eq. (3) as a linear equation. It is necessary to recover the projective depths dij . First, we normalize the
image points and then use the recovery method proposed in [25],
i.e.,

dj =


The case p is written as y p = a
p β +  p , p = 1, 2, . . . , P, where a p is
the row vector of A.
It is important to note that Eq. (6) is a linear regression model
(LRM) if dij is known. As mentioned before, we can obtain projective depths from image point correspondences. If there exist
some outliers and noises, the estimates of projective depths can
not converge to the global optimum. However, in Section 5.3, we
will prove that the not very accurate dij does not affect the performance of the proposed algorithm.
Since there are slight differences between homography estimate and the SFM, we need to describe the form of homography independently. The pair of key points, ui = (ui , vi , 1 ) and
ui = (ui , vi , 1 ) in homogeneous coordinates, are related by,

(3)

r3i X˜ j + t3i

1

 ,
where A ∈ RP×Q is a ﬁxed matrix of predictors, β = (X˜2 , . . . , X˜M
t11 , t21 , t  2 , . . . , t  N ) ∈ RQ is a ﬁxed (unknown) coeﬃcient vector and  ∈ RP is the random error vector,  ∼ N (0, σ 2 I ). y =
(u11 , v11 , 1, . . . , uij , vij , 1, . . . , uNM , vNM , 1 ) ∈ RP is a observation vector.

(7)

where H is a 3 × 3 homography matrix. The right bottom entry of
H is ﬁxed to 1 and the number of unknowns is 8 [3]. We reformulate the H as a column vector h,

1

⎛ i⎞

3

(4)

h11
h21
h31

h12
h22
h32

h13
h23
1



reshape

−→ h  (h1 , h2 , . . . , h8 ) ,

so that Eq. (8) is expanded as follow,
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⎞

−u1 v1
−v1 v1 ⎟
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⎟
⎟

−ui vi ⎟
⎟h.
−vi vi ⎟
⎟
⎟
⎟
⎠
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where uij Fik ukj = 0, k = 1, 2, . . . , N and eki is the epipole of ukj in
the image i. In this method, the projective depths can be recovered only from fundamental matrices and epipoles. Solving the
Eq. (4) in least squares, we can obtain dij in terms of the given

Eq. (9) is also a linear regression. The triangulation has similar expression as homography

dkj .

xi = Pi X ,

In the SFM problem, we set the ﬁrst 3D point as the origin
of world coordinate, i.e., X1 = (0, 0, 0, 1 ) . At the same time, we
assume the depth of the ﬁrst 3D point X1 in the ﬁrst camera is
1, i.e., t31 = 1. This means that the d11 can be initialized to 1. The
Eq. (4) can be recursively chained together to give all the projective depths about the point Xj . When we recover all the projective
depths, for the sake of discussion, both sides in Eq. (3) are divided
by dij respectively.

where Pi is a 3 × 4 camera matrix, X is the unknown 3D point
and the xi is the correspondence image points. The model ﬁtting
problems of the SFM,triangulation and homography estimate have
been re-formulated as speciﬁc regression model. Next, we will discuss outlier removal under a uniﬁed framework of penalty linear
regression.The discussed outlier removal approach is for problems
expressed by Eq. (6).

⎛ i⎞

4. A framework for detecting outliers based on penalty linear
regression

uj

⎛

r1i

⎞

1

0

0

⎝vij ⎠ = ⎝r2i

0

1

0⎠

r3i

0

0

1

1

X˜ j
t i

,

(10)

(5)

where X˜ j = X˜ j /dij and t  i =t i /dij , i = 1, 2, . . . , N, j = 1, 2, . . . , M.
Thus, N cameras and M 3D points provide P = 3 × N × M constraint equations. The number of unknowns is Q = 3 × (M − 1 ) +
3 × N − 1, where each camera corresponds to three parameters except that the ﬁrst one has two freedoms (here we have its translation vector as t 1 = (t11 , t21 , 1 ) ) and a space point corresponds to
three unknowns except the ﬁrst one X1 = (0, 0, 0, 1 ) . In accordance with Eq. (5), we have t  1 = (t11 , t21 , 1 ) and X˜1 = (0, 0, 0 ) .
We rewrite the equations as a vector form,

y = Aβ + ,

(9)

(6)

For the linear regression model, there are different approaches
for multiple outliers identiﬁcation, being separated into two categories: direct approaches and indirect approaches, using residuals
from the robust ﬁtting or not. The success of the direct approaches
is depended on the initially cleaned subset of data. The procedure
works well for low leverage outliers but may fail when the sample contains some high-leverage outliers. The indirect approach to
outlier identiﬁcation obtains robust regression estimate ﬁrstly, and
then identiﬁes the outliers by using the residuals from robust regression estimate. The most commonly indirect methods are Mestimation [26] and Least Trimmed Squares (LTS) estimation [27].
To counter the masking and swamping, we propose a method for
simultaneous variable selection and outlier identiﬁcation.
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4.1. Outlier detection model
1

In the observed data for multiview geometric problems, noises
and outliers cannot be avoided in the images. From the above
analysis, a 3D space point and the corresponding 2D image point
provide an observation of linear regression. Considering the leastsquares estimate is not robust, one can take outlier-resistant loss
functions into consideration, such as the L1 -penalty or more general Huber function. When the observation i is suspected to be an
outlier, we can consider the Mean Shift Outlier Model (MSOM). The
MSOM gives the same residual sums of squares as the model without the relevant observations, so it can be used for model selection
combined with outlier identiﬁcation. For a role of observations after deleting variables or the graphical display showing the role of
variables after removing observations using the MSOM, please refer to [28].
In this paper, we wish to ﬁnd a robust method based on the
MSOM, which can deal with the data set containing multiple outliers. This model is

√
y = Aβ + nγ + ,

 ∼ N ( 0, σ I ).
2

(11)

)

where y = (y1 , y2 , . . . , yn
is an n dimensional response vector,
A = (a1 , a2 , ..., an ) is an n × p covariant matrix, β is a p dimensional unknown coeﬃcient vector, γ = (γ1 , γ2 , . . . , γn ) is an n dimensional unknown vector whose nonzero elements correspond to
outlier and  is an n dimensional random error vector. Correspond√
ingly, the coeﬃcient of γ is assumed to be n to match its scale
with the columns of A. The test for whether the observation i is
an outlier is the same as testing whether the parameter γ i is zero
in the regression. If γi = 0, then the case i is good, otherwise it is
an outlier. We assume that γ is sparse since outliers should not be
the common. The goal is to ﬁnd a robust estimate of γ and also
the β. According to Gaussian Markov theorem, the Ordinary Least
Square (OLS) estimator is the best unbiased estimator for linear regression model. In absence of multiple outliers, the main challenge
is to counter masking and swamping effects. These two observations, in conjunction, lead to the following cost function:

L

[m5G;July 26, 2017;19:13]

β, γ =

1
, γ ∈ Rn 2 n

min
p

β ∈R

+λγ

n


√

 y − Aβ − nγ2 + λβ

p


 

wβ, j β j  (12)

j=1

wγ ,i P (γi )

(12)

i=1

where λβ > 0 and λγ > 0 are tuning parameters for β and γ . P(·)
is a penalty function that encourages the sparsity. Supposing that
β˜ = (β˜1 , . . . , β˜ p ) and γ˜ = (γ˜1 , . . . , γ˜n ) are the preliminary estimators, wβ , j = 1/|β˜ j | and wγ ,i = 1/|γ˜i | are known weights. Note that
in Eq. (12), the noise term  has been removed because the discrepancy is mainly caused by outliers due to their larger magnitudes.

4.2. Optimization framework
General approaches to obtain β in linear regression implicitly
assume that all observations have equal inﬂuence on the model
ﬁtting. However, the outlier can depend on individual observation. This fact means that it is better to perform variable selection and outliers identiﬁcation in linear regression simultaneously.
Since the function L(β, γ ) is jointly convex in β and γ , the alternating optimization is guaranteed to converge. To solve the optimization problem in Eq. (12), we introduce an alternate optimization method in the Algorithm 1.

Step 1. Initialization. k ← 0, β (k ) ← βinit and

γ (k) ← argmin L(β (0) , γ ).
γ

Step 2. Update k ← k + 1,

β (k) ← argmin L(β, γ (k−1) )

(14)

γ (k) ← argmin L(β (k) , γ )

(15)

β

γ

Step 3. If they converge, then output current (β (k ) , γ (k ) ) and
stop the algorithm, otherwise return to Step 2.
Algorithm 1: Alternating iterative optimization.

This algorithm surely converges since it satisﬁes

L

β ( 0 ) , γ ( 0 ) ≥ L β ( 1 ) , γ ( 0 ) ≥ L β ( 1 ) , γ ( 1 ) ≥ · · · ≥ 0.

(15)

For Eq. (13), the optimization problem can be solved by some classical optimization methods, such as Faster algorithms based on the
Krylov iterative and algebraic multi-grid methods [29]. For solving
Eq. (14), we set ∂ L/∂ β = 0 in Eq. (12) and then get the explicit solution of β

√

†

β = A  A A  y − nγ

(16)

where (A A)† is the Moore–Penrose pseudoinverse of (A A). It is
deﬁned as

(A A )† = lim ((A A ) (A A ) + μI )−1 (A A )
μ→ 0

where I is the identity matrix and μ is a scalar variable, which is
introduced to avoid numerical instability. Therefore, Eq. (16) can be
rewritten as

√

β = ((A A + μI )−1 )A (y − nγ ).

(17)

Then, we plug the solution β of Eq. (17) back into Eq. (12). Since
λβ  wβ, j |βj | > 0, which is obtained by calculating Eq. (17), the outlier detection can be written as

1
2

√

γˆ = argmin (I − H ) y − nγ 22 +
γ

n


P (γi ; λi )

(18)

i=1

where H = A(A A )−1 A is the hat matrix of A and λi = λγ wγ ,i , i =
1, . . . , n. When we obtain the solution of Eq. (18), the estimated
γˆ can be used to substitute in Eq. (17) and the estimation of the
prediction function parameter β becomes straightforward. So, the
key step of Algorithm 1 is the outlier detection by solving Eq. (18).
Based on the above analysis, the latter of this paper will focus on
solving Eq. (18) for outlier removal. Inspired by the sparsity of γ ,
a natural way to accomplish this task is to use the penalized linear regression to minimize. For the penalized linear regression, the
penalty function P(·) plays the most important role in the Eq. (18).
Theoretically, many penalty functions can be employed, such as L2
and L1 penalties. The L2 penalty γ2 yields a ridge type regression, while the L1 penalty γ1 results in LASSO. Even though the
convex optimization is a well-formulated model, in the presence
of multiple outliers with moderate or high leverage values this
method fails to eliminate the masking and swamping effects. Experimental results on HBK data have veriﬁed that the L1 approach
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is not able to identify the correct outliers without the swamping [30]. Theoretically, a convex criterion is inherently incompatible with the robustness [19]. Recently, the robust linear regression, in which the penalty function P(·) is non-convex, has been
introduced for outlier detection. In this paper, we consider the L0
penalty function,

P (γ ; λ ) = λ2 /2 · Iγ =0 .

(19)

The main advantage of L0 penalty function is that it is not sensitive to outliers. As a result, it is robust to the swamping and
masking. On the other hand, the two challenges of linear regression with L0 penalty function are algorithmic convergence and tuning parameter selection.

(γ ; λ ) =

|γ | ≤ λ
|γ | > λ

(21)

As similar as the idea in [30], our procedure has a close connection to the ψ − type Redescending M-estimator through the equation ψ (γ ; λ ) = γ − (γ ; λ ). In this paper, the explicit formulation
of ψ (γ ; λ) is



ψ (γ ; λ ) =

γ,
0,

if
if

|γ | ≤ λ
|γ | > λ

> Cˆan,1 .

(23)

Based on these properties and assumptions, we found the
Algorithm 1 has the algorithmic and statistical convergence property.
Theorem 1 [32]. Let


λβ ≥ 2CRw

σ 2 log p
n

,

(20)

For the non-convex penalty function Eq. (19), the corresponding
threshold function has the following form.

if
if

i∈G

j∈S

In the robust statistical theory, there is a universal connection
between the thresholding function (γ ; λ) and penalty function
P(γ ; λ). Antoniadis and Fan [31] proposed a three-step construction method to construct the penalty function from the thresholding function with the smallest curvature. If (γ ; λ) is an odd
monotone unbounded shrinkage rule for γ at any λ, the corresponding P(γ ; λ) is described as follows,

0,
γ,



min min |β j |, min |γi |

5.1. Robustness analysis



Firstly, the random error vector ε = (ε1 , ε2 , . . . , εn ) is independently and identically distributed as the zero mean sub-Gaussian
distribution with a parameter σ > 0.
Secondly, the thresholding function
(· ; λ) satisﬁes that
(γ ; λ ) = 0 if |γ | ≤ λ and | (γ ; λ ) − γ | ≤ λ for all γ ∈ R.
Lastly, there are some notations and hypotheses to further support the following analyses. Let (βˆ , γˆ ) be the preliminary estimator of (β, γ ), Sˆ = supp(βˆ ) = {i|βˆi = 0} ⊂ {1, . . . , p} and Gˆ = supp(γˆ ) =
{i|γˆi = 0} ⊂ {1, . . . , n} with size sˆ = |Sˆ| and gˆ = |Gˆ |. Similarly, let S =
supp(β ) and G = supp(γ ) with the size s = |S| and g = |G|. We suppose there exists a sequence an, 1 → 0 and a constant κ > 0 such
that βˆ − β2 + γˆ − γ2 ≤ Cˆan,1 and δmin (sˆ ≥ κ ) with probability
going to one, where Cˆ is some positive constant. This leads to the
screening property that S ⊂ Sˆ and G ⊂ Gˆ if



5. Theoretical analysis

−1
(u; λ ) = sup{t : (t; λ ) ≤ u}
s(u; λ ) = −1 (u; λ ) − u
 |γ |
P (γ ; λ ) = P (γ ; λ ) = 0 s(u; λ )du

5

λγ ≤



Cn


Rw max j∈Sˆ

i∈Gˆ

|ai j |

σ 2 log p
n

√
for a constant C > 2 and Rw > 0. Then, for any iteration κ ≥ 1 and
any initial value βinit in Algorithm 1,

√

β (κ ) − β2 ≤ ρ κ βinit − β2 + 2κ −1 sλβ R−1
w + max wβ , j
j∈S

κ
−1

ρi

(24)

i=0

(22)

Obviously, ψ (γ ; λ ) = 0 for all γ with |γ | > λ. In other words,
the ψ (γ ; λ) are non-decreasing near the origin, but decreasing
toward 0 far from the origin. It means that the robust loss function Eq. (18), which contains the non-convex penalty function, has
the redescending property. The redescending property of the loss
function is very attractive computationally since the solution of
Eq. (18) is always unique because the estimating function never
reaches zero as |γ | ← 0. Due to this property, the penalty linear regression, which provided in this paper, can completely reject gross outliers and do not completely ignore moderately large
outliers (like median). Theoretically, it has a high breakpoint near
1/2. Thus, the loss function Eq. (18) is robust to the masking and
swamping.
5.2. Convergence analysis
Since the penalty function in Eq. (18) is non-convex, the corresponding optimization problem Eq. (12) suffers from local minima.
In this subsection, we refer a theoretical analysis of global minimum of Algorithm 1 from [32], in which Katayama et al. have summarized some properties of the loss function, the penalty function
and the thresholding function of linear regression.

with probability going to one. Rw was satisﬁed with these restrictions as min j∈Sˆ wβ , j ≥ R−1
w and maxi∈Gˆ wγ ,i ≤ Rw .
Theorem 1 shows that the output of Algorithm 1 is globally optimal. More importantly, it indicates that even if the preliminary
estimates do not have the high accuracy, we can improve its accuracy in calculating Eq. (12) with different tuning parameters. This
ensures that the not very accurate depth preliminary dij , which is
affected by the outliers, does not affect the performance of the
proposed algorithm in Eq. (19). In short, Algorithm 1 is robust to
outlier removal and undoubtedly converges into the global optimization.
Furthermore, to simplify the discussion and computation, we
suppose that the spectral decomposition of the hat matrix H is
given by H =U DU  . Deﬁne an index set C = {i; Dii = 0} and let Uc
be formed by taking the corresponding columns of U. Then a reduced model of Eq. (18) can be reformatted as the following,

1
2

√

γˆ = argmin yˆ − B nγ22 +
γ

n


wγ ,i P (γi ; λi )

(25)

i=1

where yˆ =Uc y and B =Uc ∈ R(n−p)×n . In the reduced model
Eq. (25), Aβ has disappeared so that β does not affect the robustness of outlier removal theoretically. Correspondingly, we conﬁrm
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that the not very accurate depth estimation dij does not affect outlier removal.

Input: The image points {uij }, j = 1, 2, . . . , M containing
outliers and the camera orientation Ri , i = 1, 2, . . . , N;
Output: The subset {u˜ ij } of image points, the RMS error of
model ﬁtting is less than a threshold ε > 0.

5.3. Tuning parameter selection
According to above analysis, we will focus on the solution of
penalized linear regression of Eq. (18). As we all know, the tuning parameter λ in the cost function of Eq. (18) is very important to overcome masking and swamping. The λ is an essential
tradeoff factor. If λ is too large, masking will appear inevitably.
On the contrary, if λ is too small, swamping is unable to avoid.
In the presence of noise, the choice of λ becomes more diﬃcult. Even if we assume that the standardized robust residuals
are IID N (0, 1 ), a data-dependent λ is still diﬃcult to choose.
The reason is that a large prediction error can indicate either a
good robust or an outlier. We ﬁnd that the regression model in
Eq. (18) is a wavelet approximation problem [31] since B B = I.
This makes it possible to get an optimal λ, for all (transformed) observations are clean. Without loss of generality, wecould generate
the solution path by decreasing λ from (I − H )y· / diag(I − H )∞
to 0.
The parameters selection strategy is identiﬁed along the solution path as one corresponding to a tuning parameter value that
optimizes some criteria, such as General Cross-Validation (GCV)
[33], Akaikes Information Criterion (AIC) [34] or Bayesian Information Criterion (BIC) [35]. It is well known that GCV-based methods and AIC-based methods are not consistent for model selection. The BIC is a criterion for model selection among a ﬁnite
set of models. It is based, in part, on the likelihood function.
When ﬁtting models, it is possible to increase the likelihood by
adding parameters. BIC-based tuning parameter selection [36] has
been shown to be consistent for model selection in several settings. The BIC criteria may be employed to determine the value
of λ. So, the BIC solves this problem by introducing a penalty
term for the number of parameters in the model. We design a
BIC from the viewpoint of penalized regression to choose the best
parameter λ in outlier detection. In this paper, the BIC is given
by,

BIC = m log(RSS/m ) + k(λ )(log(m ) + 1 ),

(26)

where m = n − p, RSS = (I − H )(y − γˆ )22 , k(λ ) = DF(λ ) + 1 =
|nz(λ )| + 1 with nz(λ ) = {i : γˆi (λ ) = 0}.
Since the maximum a posteriori probability of the model is
equivalent to the minimization of BIC, we choose the optimal λ by
i∗ = mini BIC(i ) along the regularization path, where i∗ is the index
of the λ solution path. After we obtain the optimal λ, the corresponding cost function of Eq. (18) can remove outliers robustly to
masking and swamping.

1

2

3
4
5
6
7
8
9
10
11

Obtain the initial 3D coordinate of the point X j and the
camera position t i by the existing linear algorithm, such as
DLT [1];
Reformulate the data as the line regression model,
√
y = Aβ + nγ + ε, A ∈ Rn×p , y ∈ Rn , λ = 0, γ (0 ) ∈ R p ;
j ← 0, i ← 0, γ ( j ) ← γ ( 0 ) ;
converged ← F ALSE ;
H ← Hat Mat rix(A ) = A(A A )−1 A ;
r ← y − Hy;


λupper ← (I − H )y· / diag(I − H )∞ ;
while λ < λupper do
while not converged do
γ ( j+1) ← (H γ ( j ) + r; λ );
converged ← γ ( j+1 ) − γ ( j ) ∞ < ε ;
j ← j + 1;
end
Deliver γˆ (i ) ← γ ( j ) ;

12
13
14

18

BIC(i ) ← m log(RSS/m ) + k(λ )(log(m ) + 1 );
λ ← λ + 0.01
i ← i + 1;
end

19

∗
i∗ = arg min(BIC(i ) ), γ ∗ = γˆ (i ) ;

15
16
17

i

20

According to the index of nonzero element in the γ ∗ , we
remove the same index element of A. Reformulate the matrix
A, then we get the value of u˜ ij .

Algorithm 2: Outlier removal using non-convex penalized regression.

7. Experimental results and analysis
We verify our method on three typical multiview geometric
problems, including triangulation, homography estimate and SFM
with known camera rotation. Although our experiments have only
considered these problems, the proposed method is general and
applicable to any multiview geometric problems, such as camera
calibration, trifocal tensor and so on. We have tested the proposed
method on both synthetic and real data. The synthetic data comes
from the L-inﬁnity-1.0.1 The real data include VGG data2 and the
Notre Dame data courtesy.3 The experimental environment is a
standard PC (P8600, 6 GB 64 bits). Our algorithm is coded in MATLAB 2011a and we use Matlab proﬁler to report the timings and
comparisons. To solve the LP and SOCP problems, we use freely
available MOSEK4 and SeDuMi [38].

6. The algorithm
7.1. Triangulation
We also take the SFM with known camera orientation as the
example to introduce the proposed approach in Algorithm 2. Inspired by the literature [37], we utilize the connection between the
penalty linear regression and the thresholding function to simplify
the calculation. Speciﬁcally, we update γ ( j+1 ) by (H γ ( j ) + r; λ )
in the Step 10 instead of Eq. (25). It can be carried out without recalculating β. This is the reason that the not very accurate depth
dij does not affect the performance of the proposed algorithm. After we execute the outlier removal process, much more accurate
dij and β can be computed based on the clean data. The algorithms for other multiview geometry problems are very similar to
Algorithm 2.

We simulated a 3D scene with 50 points within a cube and set
100 views in front of the scene. The corresponding points of the
synthetic image are normalized into (−1, +1 ) and Gaussian noises
up to 0.01 are added in randomly. This amounts to a 100-view and
50-point triangulation problem. Each point is processed independently. We add various proportions outliers to these 50 0 0 image
1
2
3
4

See
See
See
See

http://www.maths.lth.se/matematiklth/personal/fredrik/download.html.
http://www.robots.ox.ac.uk/∼vgg/data.html.
http://www.maths.lth.se/matematiklth/personal/calle.
http://www.mosek.com/.
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Table 1
Performance of the proposed method on the triangulation for synthetic data in term of the masking and swamping effects. We also
report the RMS reprojection error before and after outlier removal.
Outlier

M(%)

S(%)

RMS

Scale

Proportion

1-slack

K-slack

Ours

1-slack

K-slack

Ours

Before

1-slack

K-slack

Ours

0.1

0.10
0.20
0.30
0.40

0.1760
0.2020
0.1813
0.2040

0.2200
0.2060
0.2167
0.2160

0.0240
0.0080
0.0087
0.0110

0.7260
0.7198
0.7174
0.7023

0.6978
0.6943
0.6911
0.6830

0.0 0 0 0
0.0 0 0 0
0.0 0 0 0
0.0 0 07

0.0332
0.0451
0.0550
0.0635

0.0237
0.0362
0.0424
0.0518

0.0252
0.0351
0.0423
0.0512

0.0063
0.0067
0.0073
0.0079

0.25

0.10
0.20
0.30
0.40

0.0320
0.0250
0.0327
0.0310

0.0340
0.0310
0.0347
0.0305

0.0 0 0 0
0.0 0 0 0
0.0 0 0 0
0.0 0 0 0

0.7144
0.7028
0.6814
0.6720

0.6862
0.6763
0.6569
0.6487

0.0 0 07
0.0 0 03
0.0 0 03
0.0010

0.0814
0.1117
0.1369
0.1582

0.0213
0.0244
0.0409
0.0501

0.0199
0.0320
0.0439
0.0479

0.0050
0.0049
0.0050
0.0049

0.5

0.10
0.20
0.30
0.40

0.0 0 0 0
0.0 0 0 0
0.0 0 0 0
0.0 0 0 0

0.0 0 0 0
0.0010
0.0 0 0 0
0.0 0 0 0

0.0 0 0 0
0.0 0 0 0
0.0 0 0 0
0.0 0 0 0

0.7073
0.6850
0.6697
0.6577

0.6742
0.6503
0.6171
0.5960

0.0 0 02
0.0 0 03
0.0014
0.0010

0.1600
0.2235
0.2739
0.3163

0.0049
0.0049
0.0050
0.0048

0.0048
0.0071
0.0049
0.0047

0.0050
0.0050
0.0050
0.0049

Table 2
Performance of various methods on homography estimate in
term of the number of removed matches. We also report the
required CPU seconds and the RMS reprojection error (pixels).

points. The proportion of outliers K is from 0.10 to 0.40 (theoretically 0.50 is the upper bound and the model is changed when
the proportion of outliers exceeds 0.50). The amount of outliers is
50 0 0 × K. In order to validate the robustness of our algorithm to
the masking and swamping, we add outlier points with different
scales. We evaluate the performance of outlier removal using the
following three measures [39].
• M: the mean masking probability (fraction of undetected true
outliers).
• S: the mean swamping probability (fraction of good points labeled as outliers).
• RMS: Root Mean Square reprojection error for points in images
from the ﬁtted model.
Ideally, M ≈ 0, S ≈ 0, and RMS ≈ 0. We use the well known algorithm based on L∞ norm [3] to solve the triangulation problem.
This algorithm is guaranteed to obtain the global optimization solution, but it is not robust to outliers. We make comparisons with
the state-of-art methods, 1-slack and K-slack methods.Of course,
in accordance with the principles of triangulation methods, we ensure that each 3D point has 3 corresponding image points at least.
Table 1 shows the performance of the proposed method and the
compared algorithm on the triangulation for synthetic data (with
scale of outlier as 0.1, 0.25 and 0.5). Whatever the scale and proportion of outliers are, our method is almost robust to swamping
(at most 15 points are mislabeled as outliers).From the results of
RMS reprojection error, we ﬁnd that slight swamping makes little
inﬂuence on our model ﬁtting. On the other hand, the 1-slack and
K-slack methods have obviously swamping. This is the reason that
the RMS of 1-slack and K-slack is slightly smaller than ours when
the scale is 0.5.
Next, we analyze the effect of masking. When the scale is 0.1,
we ﬁnd some of outliers are not cleared away in all methods. But,
the M value of our is much smaller than the compared methods.
The reason is that the image points are added Gaussian noises up
to 0.01 randomly. Some outliers may become the noise when the
scale of outlier is relatively small. This conclusion can be veriﬁed
from the RMS error. The triangulation solver is global optimization
method based on the L∞ norm [3], which is very sensitive to the
outlier. If the remain of masking is really outlier, the RMS error
should be larger. In fact, the RMS error of triangulation on outlier removed data is far less than that of original data. When the
scale of outlier increases to 0.25 and 0.5, our method can still remove all outliers. However, the compared methods show serious
masking effect, leading to bigger RMS. Only when the scale factor
is 0.5, the comparison algorithm can conquer the masking. Experimental results validate that the proposed algorithm is better than

Data

Match

Keble

167

Graft

437

Method

Removed

CPU

RMS

1-slack
K-slack
MSAC
VFC
Ours

96
76
68
25
25

2.99
2.99
0.49
0.45
0.20

0.77
0.76
0.76
0.59
0.57

1-slack
K-slack
MSAC
VFC
Ours

259
272
166
78
163

12.67
3.54
0.41
0.83
2.11

1.01
0.93
0.90
1.59
0.86

baseline algorithms both in swamping and masking, no matter
what the scale and the proportion of outliers are added in the synthetic data.
7.2. Homography estimate
Our second experiment is point matching for homography estimate. We used two image pairs in the experiments. The SIFT descriptor [40] and traditional BBF algorithm are used to ﬁnd the
tentative matches across images. The Keble data has 167 and the
Graft data contains 437 matches. It is hard to illustrate homography comparing with the ground truth for the real data, so we
consider three performance measures, including overall CPU time
required to remove the outlier, the overall number of removed
matches and the model quality by RMS error on the cleaned data.
When running various algorithms there is a signiﬁcant drop in the
RMS error indicating that the removed residuals are really outliers.
We compare our method with 1-slack and K-slack methods (the
source code and test data)5 , MSAC method6 and VFC method.7 The
results of MSAC may not be identical between runs because of the
randomized nature. So, we repeat the MSAC 100 times and take
the mean as the experimental results. Table 2 shows the performance of various algorithms on homography estimation.
For both the Keble and Graft data, the 1-slack method removes
the most image pairs, but the RMS is the largest. The reason is that
some of outliers are failed to remove and some of inliers are wrong

5
6
7

http://users.cecs.anu.edu.au/∼jinyu/.
See https://cn.mathworks.com/help/vision/ref/estimategeometrictransform.html.
See https://sites.google.com/site/jiayima2013/.
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Fig. 1. Matching results and mosaics of two sets.
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Fig. 2. The histogram of RMS error of four sets.

removed. The result of K-slack method is better than 1-slack, because it removes less image pairs but the RMS is almost equal. So,
the 1-slack and K-slack methods are not robust to the masking and
swamping. The MSAC method shows a nearly RMS error with Kslack method, but removes fewer pairs. This means the MSAC is
more robust to the masking than K-slack method. The main disadvantages are the randomness and parameter settings related to
the model. The VFC method has the same robustness and eﬃciency
as our method for the Keble data. But it removes the fewest pairs
and has the biggest RMS error for Graft data. The reason is that the
VFC method does not consider the geometric constraints between
the images. So it is not robust to the masking for the homography
estimation, which has obvious projective transformation.
For our method, the number of removed pairs is signiﬁcantly
less than those compared algorithms. Encouragingly, our RMS error is obviously less than other algorithms, which proves that our
method is robust to the masking and swamping. In order to more
intuitively show our advantages, matching results of 1-slack, Kslack, MSAC, VFC and ours and the mosaics derived from our approach are shown in Fig. 1.
7.3. SFM with known camera orientation
In this experiment, we evaluate our method on the more challenging problem, i.e. SFM with known camera orientation. We obtain the experiment data sets from the web3 . The camera calibration and rotation have been calculated in advance. The data sets
include four examples, including Dino, UWO, House and Cathedral. For each set, the number of cameras, 3D points (visible in
at least 2 cameras), and observed 2D points are listed in Table 3.
The Dino data is relatively clean, so we randomly perturbed 15% of

Table 3
Performance of various methods on the SFM data (# cameras) in
terms of the total number of removed 2D observations (with the
corresponding number of removed 3D points in parentheses). We
also report the required CPU seconds and the RMS reprojection
error (pixels) of the model returned by each method.
Data

Method

Removed

CPU

RMS

Dino (36)
4983 3D pts
16,432 observ.

1-slack
K-slack
Ours

6094 (1501)
6843 (1707)
6935 (1610)

747.16
46.97
126.62

0.70
0.42
0.42

UWO (57)
8990 3D pts
27,722 observ.
House (12)
12,475 3D pts
35,470 observ.

1-slack
K-slack
Ours
1-slack
K-slack
Ours

3742 (679)
1565 (262)
1274 (257)
5914 (1252)
4989 (847)
6507 (838)

385.57
125.56
132.40
254.42
168.90
95.89

0.75
0.69
0.69
0.70
0.70
0.52

Cathedral (17)
16,961 3D pts
46,045 observ.

1-slack
K-slack
Ours

8613 (2189)
6650 (1491)
4482 (544)

591.71
255.85
383.81

0.73
0.76
0.61

the original data by up to 5 pixels to create a more realistic test
setting. Other data were pre-cleaned by RANSAC, and only contain
around 1% outliers. Although the outlier and noise level is low, it
is shown that directly applying a bundle adjustment method on
these data results in a RMS error of around 3 pixels [41]. To test
whether a lower reprojection error can be achieved by removing
outliers, we set the error tolerance ε to 2 pixels for all experiments. Table 3 compares our method with 1-slack and K-slack
methods. For the Dino data, the 1-slack algorithm removes the
least outliers, but the RMS error is largest. This means that some
real outliers are not successfully removed by the 1-slack method.
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The RMS error of the K-slack is equivalent to our method, but
the outliers which we removed are less than the K-slack. The result shows that the K-slack method removed some inliers (swamping effect). For the UWO data, the 1-slack removes the most outliers, but the RMS error is the largest. This is the worst case, because it means some inliers are falsely removed and some outliers are not removed simultaneously. Similar to the result of the
Dino, our method removes the least outliers, but the RMS error
is also equivalent to the K-slack. The results of House and Cathedral are more encouraging. The RMS errors of ours are obviously
less than those of l-slack and K-slack methods, which can also be
seen from the histogram of RMS error shown in Fig. 2. At the same
time, the number of removed outliers is the least. This has proven
that our method sweeps away real outliers and keeps real inliers
successfully.
In summary, we claim that non-convex penalized regression approach is more robust to masking and swamping than these stateof-the-art approaches. The only pity is that our eﬃciency is a little
worse than the K-slack.
8. Conclusion
Identiﬁcation and removal of potential outliers are very important for robust data regression. Many multiview geometric applications have proven the estimated models are biased when encountering multiple outliers. In the paper, we ﬁrst survey some
state-of-the-art approaches from the view of masking and swamping and characterize typical model ﬁtting problems in multiview
geometry by linear regression model. Then we propose a novel
non-convex penalized regression for outlier removal and analyze
the robustness of the solver. Compared to previous methods, our
approach is very robust to masking and swamping. Experimental
results on simulated data and real images have demonstrated the
superior practical performance of our method over those state-ofthe-art approaches. Apart from outlier removal, our method can be
extended to many model ﬁtting problems in computer vision.
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